In this work, we compute analytically the infrared divergences of massless O(N ) self-interacting scalar field theories with Lorentz violation, which are exact in the Lorentz-violating K µν coefficients, for evaluating the corresponding next-to-leading order critical exponents. For that, we apply three distinct and independent field-theoretic renormalization group methods. We find that the outcomes for the critical exponents are the same in the three methods and, furthermore, are identical to their Lorentz invariant counterparts. We generalize the results for all loop levels by employing a general theorem arising from the exact procedure and give the corresponding physical interpretation. *
I. INTRODUCTION
The search for violations of Lorentz symmetry has grown in the last few years. The possible physical effects predicted by Lorentz-violating (LV) theories were established in research areas ranging from high energy physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] to condensed matter theory [20] [21] [22] .
Except to one work considering the breaking of the referred symmetry exactly [23] , for our knowledge, the most of them treat this symmetry breaking mechanism in an approximated footing at first order [12-16, 18, 24-26] and just a few of them at second order [17, [19] [20] [21] [22] in a typical LV parameter. All these works were treated perturbatively in two parameters, some LV one and the loop level considered. While these problems were investigated at most at second order in the LV parameter, the same was not the case when dealing with the loop level in question. In fact, after an explicit analytic computation up to two-and three-loop order for the critical exponents ν and η, respectively, some degree of sophistication in a road to an all-loop order solution of the problem was attained when expressions for the same exponents at any loop level were obtained, although yet at second order in the LV parameter for ν and at first order in the same parameter for η. We present an exact solution of the problem valid for any values of LV parameter.
As the critical exponents are universal quantities, they do not depend on the microscopic details of the system but depend only on its dimension d, N and symmetry of some Ncomponent order parameter (magnetization for magnetic systems) if the interactions of its constituents are of short-or long-range type. In this work, we propose to probe the effect of exact Lorentz symmetry breaking mechanism in the outcomes for the all-loop critical exponents for massless O(N) self-interacting scalar field theories with Lorentz violation. For that, we apply three distinct field-theoretic methods based on renormalization group and ǫ-expansion techniques. The systems studied here belong to the general O(N) universality class and are distinct systems as a fluid and a ferromagnet, whose critical behaviors are characterized by the same set of critical exponents. The referred universality class is a generalization of the specific models with short-range interactions: Ising (N = 1), XY (N = 2), Heisenberg (N = 3), self-avoiding random walk (N = 0), spherical (N → ∞) etc [27] . In the field-theoretic formulation, the universality hypothesis implies that the final values for the critical exponents must be the same if they are computed in distinct theories renormalized at different renormalization schemes, although these theories are different at intermediate steps and consequently display distinct renormalization constants, β-functions, anomalous dimensions, fixed points etc. The critical exponents are obtained through the scaling properties of the primitively 1PI vertex parts of the theory, namely the Γ (2) , Γ (4) and Γ (2, 1) ones. These vertex parts are associated to the correlation functions of the system and contain all divergent properties of the theory. From the parameters whose critical exponents depend, the symmetry of order parameter is the less intuitive one. Investigating the influence of this parameter on the values of the critical exponents is one of the aims of this work. Another one is to illustrate how the symmetry breaking mechanism approached here is absorbed into a Lorentz-invariant effective theory. In fact, this Lorentz violation is only a naively one. This fact is proved through coordinates redefinition techniques such that the metric of the LV theory is converted into the metric of the usual Lorentz invariant theory. These coordinates redefinition techniques were presented originally by Kostelecky [28] . A detailed exposition is given by Kostelecky and Tasson [29] .
II. EXACT LORENTZ-VIOLATING NEXT-TO-LEADING ORDER CRITICAL EXPONENTS IN THE NORMALIZATION CONDITIONS METHOD
In the normalization condition method, we start from the bare theory. The one studied here is represented by the bare Lagrangian density
where the Lorentz symmetry is violated if the LV coefficients are chosen such that they do not transform as a second order tensor under Lorentz transformations, i.e. K 
by fixing their external momenta at convenient values through the normalization conditions
where Q 3 = −(P 1 + P 2 ) and for SP: For next-to-leading order, the primitively 1PI vertex parts are given by
where perm. means a permutation of the external momenta attached to the cut external lines. Each internal line represents the free LV Green's function G
terms of powers of u perturbatively and compute the β-function and anomalous dimensions present in the renornalization group equation of the theory
where
for convenience. The exact evaluation in the LV coefficients proceeds by changing the variables [30] through coordinates redefinition in momentum space directly in Feynman diagrams where
As it is known, from all diagrams displayed above, we need to compute only four of them [31] , namely, for N = 1,
and we have written all momenta in the diagrams in units of κ and absorbed κ in the dimensionless renormalized coupling constant, thus turning out the momenta as dimensionless quantities. The symmetry point now is given by
. Now computing the β-function and anomalous dimensions for general N, we obtain
The present approach, the coordinates redefinition in momentum space directly in Feynman diagrams one, besides to be exact, gives correct expressions for the β-function and anomalous dimensions in an evident and direct way based on a single concept, that of loop order of the referred term of the corresponding function. For example, as the first term of the β-function of Eq. (18) is not associated to any loop integral, according to the present approach, it must not have to acquire a LV full Π factor, although it is of first order in u. The second one, although being of second order in u, must acquire one power of the LV full Π factor.
The third term is of third order in u and must be of second order in Π, since it is a twoloop order one. The same argument can be applied to the others terms of the anomalous dimensions of Eqs. (19)- (20) as well. We also observe that the β-function and anomalous dimensions, in this method, depend on the LV coefficients at its exact form only through the LV Π factor. Now, for the evaluation of the radiative quantum corrections or equivalently the corrections to mean field or Landau approximation to the critical exponents, we need to compute the nontrivial solution of the β-function (the trivial one leads to the mean field or Landau critical exponents)
We can see that as the first term of the β-function does not contain a LV full Π factor, by factoring u from that function, we have that in this method the nontrivial fixed point is given by u * = u * (0) /Π, where u * (0) is its Lorentz-invariant (LI) counterpart. Now by applying the relations η ≡ γ φ (u * ) and ν −1 ≡ 2 − η − γ φ 2 (u * ) we find that the LV critical exponents are identical to that of the corresponding LI theory, namely η ≡ η (0) and ν ≡ ν (0) [32] [33] [34] 
Physically, the LV critical exponents are the same as their LI counterparts because the symmetry breaking mechanism occurs in the space where the field is defined and not in the internal space of the field, a fact which could change the values for the critical exponents.
Furthermore, the field theory we are considering is only naively LV, as seen through coordinates redefinition techniques [28, 29] . Thus, the symmetry breaking mechanism approached here is absorbed into a Lorentz-invariant effective theory. As there are six critical exponents and four relations among them, then the two ones computed above are enough to evaluate the remaining ones. Now we proceed to compute the referred critical exponents in the minimal subtraction scheme.
III. EXACT LORENTZ-VIOLATING NEXT-TO-LEADING ORDER CRITICAL EXPONENTS IN THE MINIMAL SUBTRACTION SCHEME
In the minimal subtraction scheme, again we start from the bare theory. It is characterized by its generality and elegance, since, as opposed to the earlier renormalization scheme, the external momenta can assume any of their arbitrary values. As we do not fix the external momenta in the diagrams, the diagrams to be computed are the ones
Now we can evaluate the β-function and anomalous dimensions and obtain
The present method shows its elegance when we see that the final form of the β-function and anomalous dimensions do not depend of the LV coefficients through the integrals (28)- (29), since they cancel out in the renormalization program and thus do not need to be evaluated.
Thus the LV dependence of these function is only due to the LV full factor Π. The nontrivial fixed point is given by
And finally, evaluating the critical exponents, we obtain the same ones as their corresponding LI counterparts and arrive at the same results as that in the earlier method. This result confirms the universality hypothesis, whose field theoretic version asserts that universal physical quantities must be the same when computed in field theories renormalized at distinct renormalization schemes. This shows the great value of computing the critical exponents through distinct renormalization schemes. Now we have to evaluate the critical exponents by the application of a third method.
IV. EXACT LORENTZ-VIOLATING NEXT-TO-LEADING ORDER CRITICAL EXPONENTS IN THE BPHZ METHOD
As opposed to the earliers methods, in the BPHZ (Bogoliubov-Parasyuk-Hepp-Zimmermann) method [35] [36] [37] , we start from the renormalized theory at a given loop order. For example, if the theory is a bare one at its one-loop level, we eliminate the divergences by introducing some terms to the initial Lagrangian density such that a finite one is found. Then for the bare next loop level, we repeat the procedure and so on order by order in perturbation theory. The present method, for treating massless theories [21, 31] , can be easily confused with their massive counterpart [30] . There are many differences between them and we can present a few ones. The first of them is that in Eq. (41) 
The renormalization constants can be expanded as
The c i φ , c i g and c i φ 2 coefficients are the i-th loop order renormalization constants for the field, renormalized coupling constant and composite field, respectively. They are given by
where S is the symmetry factor for the corresponding diagram and so on when some N-component field is considered. As it is known, in this method, we do not need to evaluate all diagrams, but just four of them [21, 31] . This minimal set of diagrams is composed of the ones
Now computing the β-function and anomalous dimensions present in the renormalization group equation
we have
Computing the nontrivial fixed point and applying the relations η ≡ γ φ (u * ) and
, we obtain that the LV critical exponents are identical to their LV counterparts, thus confirming once again the universality hypothesis. Now we generalize all the results found for finite loop-order for any loop levels.
V. EXACT LORENTZ-VIOLATING ALL-LOOP ORDER CRITICAL EXPONENTS
For evaluating the critical exponents for all loop levels, we need to apply a theorem [30] which permit us to express a general Feynman diagram as
the corresponding LI one has the expression F (u, P 2 , ǫ, µ, m). The number L is the number of loops of referred diagram.
As the critical exponents are the same if computed in any renormalization scheme, we will apply the most general one, the BPHZ method. Now by applying the BPHZ method, for all loop orders, in which all momentum-dependent integrals are eliminated in the renormalization process, order by order in perturbation theory [35] [36] [37] and the theorem above, a possible LV dependence on K µν of β-function and anomalous dimensions coming from the LV momentum-dependent integrals disappears. So, according to the theorem aforementioned, the only LV dependence of these functions on the LV parameter K µν is the remaining one, that coming from the volume elements of the Feynman integrals, i. e., the LV full
where L is the number of loops of the referred term for these functions. Thus we can write the exact LV the β-function and anomalous dimensions for all loop orders as
n and γ 
VI. CONCLUSIONS
We computed the all-loop quantum contributions to the critical exponents of LV O(N) λφ 4 scalar field theories, where the Lorentz violation mechanism was treated exactly by keeping the LV K µν coefficients exactly. Firstly, we analytically and explicitly evaluated, at next-to-leading order, the exact LV radiative quantum corrections to the critical exponents.
After that, we generalized these results for all loop levels, through an induction process based on a general theorem emerging from the coordinates redefinition in momentum space directly in Feynman diagrams approach approach. We have obtained that the LV critical exponents were the same as their LI counterparts. The explanation for this fact is that the symmetry breaking mechanism occurs in the space where the field is defined and not in the internal space of the field which, on the other hand, could affect the critical exponents values. Moreover, the LV theory we have considered is only a naively one, as seen through coordinates redefinition techniques [28, 29] . Then, the LV theory is converted into an effective Lorentz-invariant one. The present approach, besides exact, can in an evident and straightforward way, furnish correct expressions for the all-loop LV radiative quantum corrections to the β-function and anomalous dimensions considering just a single concept, namely the loop number of the corresponding term of these functions. We showed that the exact results reduced to its non-exact, earlier obtained, counterparts in the appropriated limit. The present exact approach can inspire the task of considering the exact effect of LV mechanisms in distinct theories in high energy physics field theories of standard model extension for example as well as in low energy physics for condensed matter field theories for considering corrections to scaling and finite-size scaling amplitude ratios as well as critical exponents in geometries subjected to different boundary conditions for systems belonging to the O(N) and Lifshitz [38] [39] [40] [41] universality classes etc.
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